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Introduction & Motivation

Reflection: useful in practice and theory.

Simple PL solution: expose underlying meta-level
features to the object-level directly — as primitives.

Call this “strong reflection”, opposed to “weak
reflection” solutions of (re-)implementing features.

We aim at a strong reflection implementation for a the
Nuprl theorem prover, using the PL intuition.

Main idea: Avoid functionality duplication.
In our case: avoid recoding object-level functionality
that already exists in the meta-level.

Puts practical usage as a main goal.
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Operator Shifting

Nuprl has a uniform term structure — a term has a
name and subterms (bindings later).

First problem: Nuprl uses normalization rather than
evaluation — we need a way to achieve quasi-quote
functionality without a quoting context.

We solve this using operator shifting: every operator
op has a “shifted” version op that denotes syntactic
constructions of op.

For example: foo(11;12) is represented by foo(11;12);
we can say: Vx : Term.sizeof (foo(x;12)) = sizeof(z) + 2
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Quoting with Bindings

Actually, Nuprl terms have bound subterms — a
subterm has a list of variables bound in it. For example:
all(nat(); x.let(add(var:z(); num:1()); y.gt(var:y(); var:x())))
which is displayed as: Vz : N. let y =x + 1iny > .
How should such terms be represented?

- Obvious choice: all(nat; var:x;let(...)).

- No binding structure, so: all(|0; 1]; nat; var:x; let(...)).

- Big disadvantage — the quoted term has a different
binding structure, quotation is a complex operation.

Breaks structure sharing with the implementation!
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Quoting with Bindings

The solution is natural: leave bindings as bindings.
For example, quoting the previous term yields:
all(nat(): x.let(add(var:z();num:1()); y.gt(var:y():var:z())))
which is displayed as: Vz: N. let y =z + 1in y > x.
Retain the ordinary semantics of binding operators:
subterms with bindings denote functions. In the
syntactic case, these are substitution functions.
This makes it a HOAS, a less familiar approach, than

concrete syntax.

* Theoretically: Standard HOAS problems — eliminating exotic
terms, induction is problematic.

* Practically: Give up free variables? What interface?
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HOAS

Substitution functions are the core concept of our
HOAS:
is subst,(f) = 3b: Term. Jv : Var™. Vi : Term”. f(t) = b[t/7]

Characteristic theorem:

Vi: Term. d'o: Opld, £ : N,a: 1..k — N,
fii:1.k — {g: Term®—Term | is_subst, (g)}
t = mkTerm(o, k, a, f)
A usage example:
Ya : Term, b : SubstFunc;.

ap(A(x. b(x)); a) reduces_to b(a)
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From: Stuart Allen <sfa@CS.Cornell.EDU>

To: eli@CS.Cornell.EDU, rc@CS.Cornell.EDU
Subject: Tarski sketch

Date: Wed, 28 Feb 2001 15:44:59 -0500 (EST)

Here’s my sketch of a Tarski result about truth not being
reflected. We’'re assuming we have the type of terms and a "reps"
relation between terms. We assume that if t reps s then t is
closed.

Notation:

-xX- is a variable

Not (t) is the term built from term t by the negation-denoting

operator

NOT (t) reps Not(r) if t reps r

sub(v,t,e) is substitution of e for variable v in t

subx (t,e) is sub(-x—-,t,e)

SUBX(t,s) reps subx(r,p) if t reps r, and s reps p

qg(t) reps t

Q(t) reps gq(r) if t reps r. Thus, Q(g(t)) reps q(t).

£(t) is NOT( SUBX(q(t), SUBX(-x—,Q(-x-))) )
s(t) is subx(£f(t),qg(£f(t)))

Thus, s(t) is NOT( SUBX( q(t), SUBX(q(f(t)),Q(q(f(t)))) ) )
Thus, s(t) reps Not( subx( t, subx( £(t),q(f(t)) ) ) )
0) Thus, s(t) reps Not (subx(t,s(t)))

Assume L is a language closed under Not (?).

Let FU(T,tr) where T is a property of terms and tr is a term, mean
1) forall s,r:term. L(subx(tr,s)) if s reps r
& forall t:term.
2) T(Not (t)) iff L(t) and not T(t)
3) & forall s:term. if s reps t then ( T(subx(tr,s)) iff T(t))
Then there is not T,tr such that FU(T,tr) thus:
4) Assume FU(T, tr)
5) s(tr) reps Not (subx(tr,s(tr)) by (0)
6) L(subx(tr,s(tr))) by (4,1,5)
7) T(subx(tr,s(tr)) iff T (Not (subx(tr,s(tr)))) by (4,3,5)

8) T (Not (subx(tr,s(tr)))) iff
L(subx(tr,s(tr))) & not T(subx(tr,s(tr))) by (4,2)

9) T (Not (subx(tr,s(tr)))) iff not T(subx(tr,s(tr))) by (8,6)
T (subx(tr,s(tr))) iff not T(subx(tr,s(tr))) by (7,9)
which is false so (4) is false.
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Nuprl Screen Shots

(Slides marked with a x are part of the presentation.)
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An example of using the is_subst rule, justified in a previous paper.

W O THH demol B lambda,cs.cornell.edu

* top
E UNseiae £ 10 8 Term

BY Unfold “member® @
1# F (ax.x + 1) = (hwix + 1) e Term
BY TermAuto
1% F js_subst@(. (xx% + 1))
BY TermAuto
1% F psisubstlix. tx + 133
BY TermAuto
1% is_substl (x.x)
BY TermAuto
Z#% F is_substBl. 1)
BY TermAuto
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The original proof, rewritten using the Nuprl for display.

a. We assume that (£ ™ l= =7 then "t7 is closed.
“up_term_closed>

Notation and some simple corrolaries (indicated b» "thus"
[There are also assumptions about substitution into r-ubwl-:

al: ' is a wvariable

az. "subxilt; 21! is substitution of term Te! for wariasble T

e R S e et e e e s ST SR e L
<gsubx_repst>

<gsubx_subx:

i R
{up_repst»

Sigte ARSI e e
{oup_repst>

T i =R i e e
{gqup_up_repst>

bBl. "subx((Tt): e)] = Ttsubxit: el = Term’
{gup_subx>
[ (s 5 e IR = e T S o s I e ol A e [

Eis e s Rourbse B EEIES EEEE
z3. Thus. "sitk = subxCCTtl: subslitEEEEE: [TEEE01 )0 Term!

sl

ct. Thus, "s(t) I= subx(t: subx(Fit); CTF0E00107 by (b
<=2

Cv  Ihis. Tsit) = subslt;: sit))?
{= repsz

d. Thus "subxili-tl; 2) = —subxit: ) ¢ Term’
<gnot_subx>

He're assuming We haue the type at terms [ "Term’) and a3 representation
relation between terms (7. 1= -7)

at. "subxisubxlit: rils el = subxlsubxit: el; subxir: el) £ Term”

dl. "™t7 is the term built from term "t7 by the negation-dencoting operator
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The original proof, rewritten using the Nuprl for display.

Let "RepsTruthil; Tr; trl1? where "LT and "Tr? are properties of terms
and "tr' is a term. mean:
. "§5iTemm. EHt:Term. 5 1= tl'= | sibxttr: St
2. "BespectsMot(Tr: L17
meaning: "¥t:Term. Tr ~t &= L t ~ =(Tr t17
3. "BeflectsPropiTr; tr: Trl?
meaning: "Yit.gt:Term. gt i= t = {Tr subx(tr; gt) — Tr t%’

an LY. and for "tr? to denote "Tr? Cin "),
B s

4. HAssume "RepsTruthil: Tri: trl?
1Tarskisty

5 let 'S = sll-trl) e Term?
fTarski:t11%}

G 'S l= —subx(tr; 517 by (G.c.d)
fTarski:t111%F

7. "L subxltr: S)7 bw (4,1.6)
“Tarski:t1112%

a8 "Tr subxltr: S) &= Tr -—subx(tr; 517 by (4.3.E6)
{Tarski:t11121%

g "Tr —subxitr; S) &= L subxltr: 51 ~ =l Tr subxitr; S1)7 by (4.2)
1Tarski:t111211%

18. "Tr -subxlitr; S) &= -(Tr sub=l{tr; S117 b» (8.7)
{Tarski:t1112111%

#¥, "Tr subxitr: 8) &= -(Tr subxitr; S)17 by (B.18)
1Tarski:t11121111%

. wWhich is false =0 (4] is false.

This i=s meant to be part of the criterion for "Tr? being a truth predicate

Then there are no LY., "Tr', "tr? such that "RepsTruthil: Tr: tr)? thus:
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*The definition of subx and some facts. Note the usage of a quoted free variable

as a symbol. The last fact is a good example for intuitive usage.

subxits: £1 le Term

= it le Term

= r le Term ,

bsubxlt;: rl = subx(0LEds (4r)d e Term

¥ top

F ¥t.r.e:Term.

subxlisubxlit: l; el

= subx(subxit: eli subxlir; =))

e Term

o [ THH qup_subx @ lambda.cs.cornell.edu

# fop
E Wt esTerim:
subxiiTtl: ) = Tsubxit: el ¢ Term

S C THY. gnotosubsx B lambda,es.cornell,edu

¥ top

F ¥t.e:Term:
subxlli-t1; eF = —subxit; el = Term
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Some facts about a quoted ‘|’. These are very hard to fol
do the accounting.

 THH -:|u|:-_r-:1:. @ lambds,cs.correll edu

2 pé T 41 | SR P o
EVtoriTerm. 4 l= o= Tt b= tr
BY GenUnivCD THENA Auto

O THH qup_up_repst @ lambda,cs;cornell,edu

=

¥ top .
BY GenUnivCD THENA Auto




The definition of a ‘reps’ relation and anothe

representations.

‘fﬁfﬁ%i ?f, ﬁiﬁ%f g’:b'gg :ﬂzéﬁ,%ﬁ ﬁ%}

S

=i X




*A definition of an ‘s’ term which will be used to derive the contradiction by

diagonalization.

W THBS f B lambda,cs.cormell . edy
Fit) == subwlCrt): subxlx: (1))

o (BS s @ lanbda.cs.cornell edu
Sitd == subsCPLtY: CFFLE) 1)

) (THA &1 @ lanbda,cs,correll,edu
* '];!:||:|
F ¥t:Term

st

seglbxUirta) s subsel CEERET I LERECEELD)

& Lerm

w [ THH =2 B lambda,cs,cornel | eda
* top

F %t:Term _
st = aubeits subebfitds CrEtsdErd

o " THM s_reps B lambda.cs.cornell.edu

- A fad ol |
Bt : Term
Fosit) = subxit; =s(t]]
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The three definitions that will be used to define the main theorem. The first one
is used to claim that ‘not’ is reflected, the second one is used to specify that
some predicate is reflected — which will be used to claim that ‘tr’ reflects ‘Tr’,
according to ‘Tr’ itself.

EEEpE:tENﬁt(Tr, LJ e
Vi Tert:. =t = & ={TE £i

) " HBS ReflectzProp @ lambda.cs.cornell.edu
Eetflect=sProptP: gl Fr) ==
St erm:
gt = t = 4Tr subxi(gP: gt} < P t}

) " ABS RepsTruth B lambda.cs.cormell.edu
FepsTruth(L;: Tr; tr) ==
[¥S: Term
e Teemes =0t — Lisubxtte: S
~ PespectsNot (Tr: L)
septlectebropgeicg 5 T
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foo

W CED]
* top
F =kd

TTarzski B lambda,cs.cornell,edu

Tr:Term — P
dtr:Term
dbelerm — B Hepslioutlhly Trz st

BY D & THENA Futo

1% 1.

Sl vterm—— P
Ftrilerm

A Term =2 P Repsirutrtils Tre fe)
t False
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foo

) T EDITTarski B lambda,cs.cornell.edu
¥ top 1
1= FEridleormi== |
dtr:Term
A-slerm = B BEepsleuthtl oy Tei Sl
E False

BY Unfold *RepsTruth® 1 THEN ExRepD

1# 1. Tr : Term — P
2 e e Term
3. L : Term —= P
4. ¥erTarmn
Edeslermm. 5 4= 1 = | sibxiir: 53
5. BespectsNot(Tr: L)
&. BetlectsPropllr: trs )
E False
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foo

W T EDITTarski B lambda,cs.cornell.edu

topl &

Tr = Term — P

tr : Term

V=i Teem=—20

¥5:Term. L3t Term 5 & 1= | subhxtiry 5]
FespectsNot(Tr: L)

Eetleet=Proptic: Tri Tl
False

B B S e

BY Let ™S = s(l-%tr )  Term' THENA Auto

% . =5 ¢ Term
8= 5 =stlirtr)de Teem
F Fales
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foo

) T EDITTarski B lambda,cs.cornell.edu
topsl I &

. Ir: Term —= P

tr : Term

Lz Term =2 P

FespectsNot(Tr: L)
Eetleet=Proptic: Tri Tl
ST B

. 5 =sll-tr)) € Term
False

T 0O~ e e ok

BY Assert ™S l= -subx(tr; 57

1 J— S e e s s

S = mgbalvr o5

£k 8 o5 J= sagpeelbes O
E False

Shetorm. I3t Tarm: o5 £ 2= | skt

51
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foo

W T EDITTarski B lambda,cs.cornell.edu
* ftop-1 1 1 4

..... e Bt T i s

1: T ¢ lerm=— P

2o A 3 lTeem

2. -3 Term === P

4. ¥9:Term. (It:Term: S = 11 = L subx(tr;
5. FPespectsNot(Tr: L)

E. RetlectsPFrophiltc: tri It

e SRl lerm

. Seeistii=ted) & [opm

E Sob=megbwiltr s 5l

BY HwvpSubst (=11 B THEMA Auto
1# ocbl=trddn e mepbeebr s bbby 1

5]
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foo

) T EDITTarski B lambda,cs.cornell.edu

tup 1 & 1 1.5

Tr = Term — P

tr : Term

Lz Term =2 P

Shetorm. I3t Tarm: o5 £ 2= | skt
FespectsNot(Tr: L)

Eetleet=Proptic: Tri Tl

AR T

Sestisbil=teYY e [srm
Si'ﬂtFWJ SR o T i e e U B v o Y

-rm—umm-r-awmn—»aﬁ

BY BWHRewvL ‘gnot _subx® B THEN Auto

1 Y Sl i 0 O BT S e o e Al e o Y

51
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foo

) T EDITTarzki B lambda,cs.cornell.edu

tup o | 1 I A

Tr = Term — P

tr : Term

Lz Term =2 P

Shetorm. I3t Tarm: o5 £ 2= | skt
FespectsNot(Tr: L)

Eetleet=Proptic: Tri Tl

AR T

Sestisbil=tr)) e lsrpm
Si'ﬂtFWJ Feosubel =)y sUi=4e) 0

-rm—umm-r-awmn—»aﬁ

BY BLemmza ‘s _reps' THEM Auto

51
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foo

tu:uplllE
Tr + Term — P
tr : Term

Lz Term =2 P

¥5:Term. L3t Term 5 & 1= | subhxtiry 5]
FespectsNot(Tr: L)

Eetleet=Proptic: Tri Tl

AR T

Sestichil=tel ) & [orm

Qb= msubattery &)

False

BY InstHyp [T57]1 4 THENW Auto
THENA (With "—subxitr: 537
(D @) THEN Autao)
THEN Thin %

TOO0 SO UT R e # [

1% 4. RespectsMNot(Tr; L)
Gl ReblectesRroptilics: e Tl
B. 5 : Term
e 5 =abietElahe [eem
8. & l= »subx(tr: S)
9. L sghetts: 5
F False
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foo

) T EDITTarski B lambda,cs.cornell.edu

tup 1 & 1 |

Tr = Term — P

tr : Term

Lz Term =2 P
FespectsNot(Tr: L)
EetlectelroatTrs Bea Trd
S : Term

Seee =t )it e Torm
S 4= —subxitr: S)

L subxitr; 5)
False

BY Unfold *ReflectsProp® &

TLD[I]‘\JU'!LH—&UJNI—*BE

THEN InstHwvp [ "-subx(tr: S17;'57]1 §

THENA Auto THEN Thin &
1# 5. 5 : Term
B & =oabhlstelade: ermn
P 5 detmanhsiie s &
8. L subxlitr; 5]
9. Tk subxitr: SF —= Tr 7=ubx{tr:
|_

Fales

5]
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foo

tup 1 1 1 E 1 1

Tr = Term — P

tr : Term

Lz Term =2 P
FespectsNot(Tr: L)
S : Term
Sosilebi=Er) ¢ form
S l= —subxitr: 5)

L subxitr: 51

Tr subxitr; 5) — Tr —subxitr; §)
False

BY Unfold *RespectsMNot® 4
THEN InstHwvp [ "subxitrs: S171 4
THENA Auto THEMN Thin 4

TOO0 SO UT R e # [

J g ok Term
e Rt = B8 T el =l [ =3
i 5 demaubsirn &
P & osubxlte: 53
8. Tr subxitr; S5) — Tr —subx{tr: 5]
S EN R = R e S
=l legbaltry 59 a0l sthebtra 593
I_

Falce
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foo

tnp 1 1 1 E 1 1 1
Tr = Term — P
S S [
S S o e
v e T e
S e o M LI T )

P N b b o
O I e e e
. Ir subxitr; S) = Tr —subxl(tr: 5]
N e e o R R
= L subsxltri 8! = ollr subxtir; 571)

Fal=se

T WOOUTR W # [

BY Assert "Tr —subxltr;: 5)
e— Shlrisghaltry Sda
THENA (Using ['B°, "L subxitr; S)71
(BLemma ‘prop_and_iff)
THEN Auto)
THEN OnHwvps [9:7]1 Thin

1# 1. Tr : Term — P
2. tr ¢ Term
2., L E Eerm =P
4. 5 : Term
Lo B =Eslli=tr))loe [erm
B 5 ibsEssnmsebbe B
a1 ossabxites 51 T m=subxltny 5l
8. Tr —subxitr; 5) = —(Tr subxitr; 51)
|_

False
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foo

) T EDITTarski B lambda,cs.cornell.eduy

-rm—umm-r-awmn—»aﬁ

BY

1#

tup o | 1 PLiciae R O e |
Tr = Term — P

tr : Term

Lz Term =2 P

S : Term

5 sttt} ¥® & Teem

€ )= ~cibslir: S
Tr subxitr;: 5] — Tr —subxitr; 5]
I ebsttrs 5 == =llg sSubzite; 51

FElSE
FLemma ‘prop_iff _tramns® [7:;B]1 THENA FAuto
THEN OnHwp=s [B:7]1 Thin

1. Tr : Term — P
Z. tr : Term
. Lo Term — [P
S5 : Term
5 =sllirtr)) e Term
S A= scybsxlitr s 5)
Tr spbetir: SF & ilr subxitr: 513

Fal=e

3
i
5is
6
E
I_
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foo

) T EDITTarski B lambda,cs.cornell.edu

€ )= ~cibslir: S
Yrsubgite 5 —= SUlt Sub=litr: 51

False

¥ topl 1| 1 s s O e e |
1= T & lerm— P

Fi s o SR [

3. L Term —= P

4. 5 Term

5. § sttt} ¥® & Teem
5.

5

|_

BY FLemma ‘prop_iff _contra® [7] THEN Auto
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Conclusion (& Motivation)

Cheap: no new stuff — just expose existing
functionality (only one implementation).

Robust: the reflected system is inherently identical to
the underlying one; changes propagate; no proof
needed.

Borrow ideas from PL: make object and the meta level
share syntax objects and functionality.

Still, extra facts and logical descriptions are needed —
a lot of (unexpected) hard work.

Result: elegant implementation.
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