Lemma: Vm : Z. Vn : Z7°. Vg : Z. (GCD(m;n; g) <= GCD(n;m rem n;g))

F Vm:Z. Vn:Z~9. Vg:Z. (GCD(m;n;g) <= GCD(n;m rem n;g))
|
BY RepeatFor 3 ((D O THENA Auto))

I
4. Jc:Z. (m = (g * c))

5. Jc:Z. (n = (g * ¢))

6. Vz:Z. (((Fc:Z. (m = (z * D)) A (Fc:Z. (@ = (z *x c)))) = (Fc:Z. (g = (z * c))))
F Jc:Z. ((m rem n) = (g * ¢))

[

1. m: Z

2. n: 270

3. g: Z

F GCD(m;n;g) <= GCD(n;m rem n;g)

[

BY DO

I\

| F GCD(m;n;g) = GCD(n;m rem n;g)

I

1 BY (D O THENA Auto)

I

| 4. GCD(m;n;g)

| - GCD(n;m rem n;g)

(I

1 BY A11(Unfold ‘gcd_p*)

I

4. (g lm) A(glm) ANV2:Z, (((z1m) Azl ) = (=] g
IF (@I n Algl (mremn)) A (Vz:Z. (((z | n) A (z | (mremn))) = (z 1| g)))
I

1 BYDA4

I

| 4. gl m

| 5. (g | n) A (V2:Z. (((z | m) A (z | n)) = (=] g)

Il F (|l n A (gl (mremn)) A (Vz:Z. (((z | n) A (z | (mremn))) = (z | g)))
I

1 BYDS

I

| 5. g |l n

| 6. Vz:Z. (((z | m) A (z | n)) = (z | g)

Il F (|l n A (| (mremn)) AN (Vz:Z. (((z | n) A (z | (mremn))) = (z | g)))
I

1BYDO

1\

[ I HFgln

L1l

1 2 BY NthHyp 5

[

I F (@ | mremn)) A (Vz:Z. (({(z | n) A (z | (mremn))) = (z | g))
L

1 BY DO

A

| | g | (m rem n)

[

1

|

[

|

[

[

(I

2 BY All1(Unfold ‘divides®)
|

|

|

|

|
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BY D 4
|
4. c: Z
5. m= (g * ¢c)
6. dc:Z. (n = (g * c))
7. Vz:Z. (((dc:Z. (m = (z * ¢))) A (c:Z. (n =
F 3c:Z. ((m rem n) = (g * c))
|
BY D 6
|
6. cl: Z
7. n= (g * cl)
8. Vz:Z. (((Fc:Z. (m = (z * c))) A (Fc:Z. (n =
F Jc:Z. ((m rem n) = (g * c))
|
BY (InstLemma ‘rem_to_div‘ [Im!; nl]. THENA Auto)
|
9. (mremn) = (m - (m = n) * n)
F Jc:Z. ((m rem n) = (g * c))
|
BY Assert [(m remn) = ((g *x ¢) - (m + n) * g * c)I.
I\
| H (mremn) = ((g * c) - (m + n) *x g *x cl)
[
3 BY Auto’
\
10. (mremn) = ((g * c) - (m + n) * g * cl)
F 3c:Z. ((m rem n) = (g * c))
|
BY (InstConcl [fc - (m <+ n) * c1l]. THENA Auto)
|
F (mremn) = (gx* (c - (m <+ n) *cl))
|
BY Auto’

FVz:Z. (((z |l n) ANz | (mremn))) = (z | g)
|

BY RepeatFor 2 ((D O THENA Auto))

|

7. z: 7

8. (z | n) AN (z | (mrem n))
Fzlg

|

BY D 8

|

8.z | n

9. z | (m rem n)

Fzlg

|

BY (SimpleInstHyp [z! 6. THENA Auto)
|

10. ((z Il m) A (z |l n)=(zlg

Fzlg

(z *x ¢)))) = (Ic:Z. (g

(z *x ¢)))) = (3c:Z. (g

(z * ¢))))

(z * ¢))))



Lemma: Vm : Z. Vn : Z7°. Vg : Z. (GCD(m;n; g) <= GCD(n;m rem n;g))

BY D 10

I\

| F (z | m) A (z | n)

[

2BYDO

AN

| 1T Fz|m

[ 1

2 3 BY Al11(Unfold ‘divides‘)

[ 1

[ | 4. Fc:Z. (m = (g * c))

| | 5. Jc:Z. (n= (g * c))

[ | 6. Vz:Z. (((Fc:Z. (m = (z * c))) A (Fc:Z. (n = (z * ¢)))) = (Jc:Z. (g = (z * c))))
| 1 8. dc:Z. (n = (z * c))

| | 9. Fc:Z. ((m rem n) = (z * c))

| | F 3c:Z. (m = (z * c))

[ 1

2 3 BYDS8

[ 1

| | 8. c: Z

| 1 9. n= (z * ¢)

| | 10. Jc:Z. ((m rem n) = (z * c))

| | F 3c:Z. (m = (z * ¢))

[ 1

2 3 BY D 10

[ 1

| | 10. c1: Z

| 1 11. (m rem n) = (z * cl1)

| | '+ 3c:Z. (m = (z * ¢))

[ 1

2 3 BY (InstLemma ‘div_rem_sum® [Im!;ln!]. THENA Auto)
[ 1

| | 12. m = (((m = n) * n) + (m rem n))

| | F Jc:Z. (m = (z * ¢))

[ 1

2 3BY Assert Im= (((m + n) * z * ¢) + (z * c1)).
[ I\

[ I I Fm=(((m 4+ n) *xzx*xc)+ (z*cl))
I

2 3 4 BY Auto’

1\

[ 13. m= (((m = n) * z *x c) + (z * cl))
[ 1 F dc:Z. (m = (z * c))

[ ] |

23 BY (InstConcl [[((m = n) * c) + c11]. THENA Auto)
[ 1 |

[ 1 Fm=(z* ((m + n) * c) +cl))

[ 1 |

23 BY Auto’

AN

| Fz|n

| |

2 BY NthHyp 8



Lemma: Vm : Z. Vn : Z7°. Vg : Z. (GCD(m;n; g) <= GCD(n;m rem n;g))

\

oz

10. z
I

l g
g

BY NthHyp 10

F GCD(m;n;g) < GCD(n;m rem n;g)

BY (D O THENA Auto)

4. GCD(n;m rem n;g)
F GCD(m;n;g)

BY A11(Unfold ‘gcd_p®)-

4.

(gl n) A(g | (mremn)) AN (Vz:Z. (((z | n) A (z | (mremn))) = (z | g))
FElmA@EInANV2Z (((z]1m) Az ln) = &I g

BY D 4

4. g |l n
(g | (mremn)) A (Vz:Z. (((z | n) A (z | (mremn))) = (z | g))
F@lmAEI|In A NVzZ, ((z]1m) Azl n)=(z]|g))

5.

BY D 5

5. g | (m rem n)
6. Vz:Z. (((z | n) A (z | (mremn))) = (z | g))
FE@lmA@EInANVzZ ((z]1m) Az ln) = @I g)

BY DO

I\
| gl m

1
I
I
I
I
I
I
1
I
I
I
I
I
I
I
1
I
I
I
I

BY Al11(Unfold ‘divides®)

TN A —@—To 0~ —
o
I

0w N — o —

dc:Z.
dc:Z.
Vz:7.

(n= (g * c))
((m rem n) = (g * ¢))
(((Fc:Z. (n=(z *¢c))) N (dec:Z. ((m rem n)

(z x ¢)))) = (Jc:Z. (g

Jc:Z. (m = (g * c))

c: Z

n=(gx*c)

dc:Z.
Vz:7Z.

((m rem n) = (g * c))
(((Fc:Z. (n=(z *c))) N (dc:Z. ((m rem n)

(z *x ¢)))) = (c:Z. (g

dc:Z. (m = (g * c))

<
(W)
(0}

cl: Z

Vz:7Z.

(m rem n) = (g * cl)

(((Hc:Z. (n = (z * ¢))) A (Fc:Z. ((m rem n) (z ¥ ¢)))) = (Jc:Z. (g

(z * ¢))))

(z * ¢))))

(z * c))))



Lemma: Vm : Z. Vn : Z7°. Vg : Z. (GCD(m;n; g) <= GCD(n;m rem n;g))

F 3c:Z. (m= (g * )

|

|

1 BY (InstLemma ‘div_rem_sum‘ [Im!; nl]. THENA Auto)
[ ]

| 9. m = (((m =+ n) * n) + (m rem n))

| - 3c:Z. (m = (g * c))

[

1 BY Assert m = (((m + n) * g *xc) + (g * cinl
AN

| | Fm=(((m + n) *gx*xc) + (g * cl))

[ 1|

1 2 BY Auto’

I\

| 10. m= (((m + n) * g *xc) + (g * cl))

| F Jc:Z. (m = (g * ¢))

| |

1 BY (InstConcl [[((m <+ n) * ¢) + c1l].- THENA Auto)
| |

| Fm=(g* (((m + n) * c) +cl))

| |

1 BY Auto’

F @l ANz2Z, (((z 1w Al = (zI|g))
|
BY DO
A\
| g ln
(!
1 BY NthHyp 4
\
FVz:Z. (((z |1 m) A(zln)= (I g)
|
BY RepeatFor 2 ((D O THENA Auto))
|

7. z: Z

8. (z | m) AN (z | n)
Fzlg

|

BY D 8

I

8.z | m

9.z | n

Fzlg

|

BY (SimpleInstHyp [z! 6. THENA Auto)

- —
o

. (1D Al mremn))) = (z | g
Fzlg
|
BY D 10
I\
| F (z | n) A (z ]| (mrem n))
[ ]
1 BYDO



Lemma: Vm : Z. Vn : Z7°. Vg : Z. (GCD(m;n; g) <= GCD(n;m rem n;g))

AN
| | Fz | n
[ ]|
1 2 BY NthHyp 9
I\
| Fz | (m rem n)
[ |
1 BY Al11(Unfold ‘divides‘)
| |
| 4. Jc:Z. (m = (g * ¢c))
| 5. Jc:Z. ((m rem n) = (g * ¢))
| 6. Vz:7Z
| (((Hc:Z. (n=(z *c))) A (Fc:Z. ((mrem n) = (z * ¢)))) = (c:Z. (g = (z *x c))))
| 8. dc:Z. (m = (z * ¢))
| 9. dc:Z. (n = (z * ¢))
| F 3c:Z. ((m rem n) = (z * c))
| |
1 BY D 8
| |
| 8. c: Z
| 9. m= (z * ¢
| 10. Jc:Z. (n = (z * ¢))
| F dc:Z. ((m rem n) = (z * c))
| |
1 BY D 10
| |
| 10. cl: Z
| 11. n = (z * cl)
| F Jc:Z. ((m rem n) = (z * c))
| |
1  BY (InstlLemma ‘rem_to_div‘ [Im!;Inl]. THENA Auto)
| |
| 12. (mremn) = (m - (m + n) * n)
| F Jc:Z. ((m rem n) = (z * c))
| |
1 BY Assert [(mremn) = ((z *c) - (m =+ n) * z x c1)l.
| I\
| | F mremn) = ((z *c) - (m +1n) xz* cl)
[ [ 1
1 2 BY Auto’
| \
| 13. (mremn) = ((z * c) - (m = n) * z * cl)
| F Jc:Z. ((m rem n) = (z * c))
| |
1 BY (InstConcl [fc - (m = n) * c11]. THENA Auto)
| |
| F (mremn) = (z* (c - (m <+ n) *xcl))
| |
1 BY Auto’

\

10. z | g

Fzlg

BY NthHyp 10



