Ve : N (Fr AN | (((r«r) <z) Az <(r+1)«(r+1))})

F Vx:N. (3r:{N| (((r * ) < x) Ax<(r+1)*(+ 1)}

I

BY (DivNatInduction [4l. THEN Auto)

I\

| F 3r:{N] (((r *r) <0 AO0O< (r+ 1) *x (r+ 1))}

[

1 BY (With lol (D 0). THEN Auto’)

\

1. x: Nt
2. dr:{N| (((r *r) < x4 Ax+4<(r+ 1) *x(r+ 1)}
F 3r:{N| (((r * 1) <x) Ax< (r+1)* (+ 1)}
I
BY (D (-1)
| THEN Auto
| THEN (InstlLemma ‘div_rem_sum® [IXI;I4I]- THENA Auto)
| THEN (InstlLemma ‘rem_bounds_1¢ [lx!;l41]. THENA Auto))
I

2. r: N

[B]. ((r*xr) K x+D)ANx+4<(+1)*x(r+1)

4, x = (((x = 4) * 4) + (x rem 4))

5. (0 < (xrem4)) N xrem4d <4

F 3r:{N| (((r * 1) <x) Ax< (r+1)*(+ 1)}

I

BY ((Evaluate [r2 = (2 * r)!. THENA Auto)
|  THEN (Evaluate r3 = (r2 + 1)1 THENA Auto)
|  THEN (Decide 'x < r3 * r3l. THENA Auto))

6. r2: Z

7. r2=(2%*r)

8. r3: Z

9. r3 = (r2 + 1)

10. x < r3 * r3

F 3r:{N| (((r * ) < x) Ax< (@ +1)*x (r+ 1))}

Y (With [r2! (D 0)- THEN Auto’)-

I
B
|
3. (r*xr) < (x + 4)

4. x = 4<(x+1) *x(x+1)

5. x = (((x + 4) *x 4) + (x rem 4))

6. 0 < (x rem 4)

7. x rem 4 < 4

8. r2: Z

9. r2 = (2 x r)

10. r3: Z

11. r3 = (r2 + 1)

12. x < r3 x r3

F (r2 * r2) < x

|

BY (ElimVar ‘r3’ THEN ElimVar ‘r2’ THEN Auto’)

\
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I
I
I
I
I
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I
I
I
I
I
I
I
I
I
I
I
I
1

6. r2: Z

7. 12 = (2 *r)

8. r3: Z

9. r3 = (r2 + 1)

10. —=x < r3 * r3

F 3r:{N| (((r *r) < x) Ax<(r+1) % (r+ 1)}



Ve :N.(Fr AN | ((rxr)<z) AN a<(r+1)x(r+1)})

|
BY (With [r3] (D 0).- THEN Auto’)-

|
3. (r*xr) < (x + 4

4. x -4 < (r+1) *x (r +1)

5. x = (((x + 4) * 4) + (x rem 4))
6. 0 < (x rem 4)

7. x rem 4 < 4

8

. r2: Z
9. r2 = (2 x 1)
10. r3: Z

11. r3 = (r2 + 1)

12. —x < r3 * r3

13. (r3 * r3) < x

Fx< (3 + 1) * (3 + 1)

|

BY (ElimVar ‘r3’ THEN ElimVar ‘r2’ THEN Auto’)-

Extract:

Ax.letrec sqrt(x) =
if x = 0 then O
else let z := x +- 4 in
let r2 := 2 * (sqrt z) in
let r3 (= r2 + 1 in
if (x) < (r3 * r3) then r2
else r3 in
sqrt(x)



