Vn :NT. Vo :N. (Tr:{N|((r"m<z) A o< (r+1)"3})

F vn:NtT. vx:N. Gr:{N| ((r"'n < x) Ax<r+1n)})
|
BY ((D 0 THENA Auto)
THEN (Evaluate b = 2°nl.
THENA (Auto THEN InstLemma ‘exp_preserves_lt¢ [Inl;l11;l217. THEN Auto)
)
THEN InstLemma ‘div_nat_induction® [rbw;[Azx.Elr:{NI (r'm < x) ANx <1+ 1°n)}1]-
THEN Auto
THEN Try ((RWO "exp-fastexp<" O THEN Auto)-))

|
I
|
|
|
|
[
[
|
|
|
|
1
|

|
6. r’'n < (i =+ b)
7.1 +b<r+1°n
8. r2: Z

9. 2 xr € 7Z

\

1. n: Nt

2. b: {b:Z| 1 < b}

3. b=2"n

F dr:{N| (zr'n < 0) A0 <r + 1"n)}

|

BY Wwith [0l (D 0)-

THEN (Reduce O THEN Auto THEN RWO '"exp-zero exp-one" O THEN Auto)-

\

1. n: Nt

2. b: {b:Z| 1 < b}

3. b=2"n

4. i: Nt

5. dr:{N|] (r'n £ (4 + b)) A1 +Db<r+1"n)}

F dr:{N| ((r'n < i) Ai<r + 1"n)}

|

BY (D -1

|  THEN (Evaluate [r2 = (2 * r)!. THENA Auto)

|  THEN (Evaluate [r2’ = (r2 + 1)!. THENA Auto)

|  THEN (InstLemma ‘exp-of-mul‘ [[21;lrl;Tnl]. THENA Auto)

| THEN (InstLemma ‘exp-of-mulf [r21;rr + 11;rn1]- THENA Auto)

| THEN ((InstLemma ‘div_rem_sum‘ [[il; 2-nl]). THENA Auto)

| THEN (InstlLemma ‘rem_bounds_1¢ [lil; T2-nl1).

|  THEN Auto

| THEN ((Decide [r2°~n < i + 1l. THENA Auto) THEN All (RWO "exp-fastexp<") THEN Auto))

A

| 5. r: N

| 6]. r'n < (1 + D) Ai<+b<r+1n

| 7. r2: Z

| 8. r2 = (2 * r)

| 9. r2°: Z

| 10. r2’ = (¥r2 + 1)

| 11. 2 * r’'n = (2°n * r"n)

| 12. 2 *x (r + 1)°n = (2°n *x r + 1°n)

| 13. i = (((4 = 2°n) * 2°n) + (i rem 2°n))

| 14. 0 < (4 rem 27°n)

| 15. i rem 2°n < 2°n

| 16. r2°° n < i + 1

| H 3r:{N| ((r'n < i) Ai<r + 1"n)}

[ ]

1 BY (With [ro] (D 0)- THEN Auto’ THEN ElimVar ‘r2\” THEN ElimVar ‘r2’)

|

|

|

|

|



Vn :NT. Vo :N. (Tr:{N|((r"m<z) A o< (r+1)"3})

b —_— — k- — — s — - — - — - — — — — —

10. r2’: Z

11. 2 *xr) +1 € Z

12. 2 * r’'n = (2°n * r°n)

13. 2 (r + 1)"n = (2°n * r + 1°n)
14. i = (((4 = 2°n) * 2°n) + (i rem 2°n))
15. 0 < (i rem 2°n)

16. i rem 2°n < 2°n

17. 2 *r) +1™n < i+ 1

18. (2 *xr) +1n < i

Fi< (((2*r1r)+1)+1™n

|

BY (Subst’ ((2 * r) + 1) + 1 ~ 2 * (r + 1) 0 THEN Auto THEN HypSubst’ (-5) 0)
|

F (1 + 2™n) * 2°n) + (i rem 2°n) <2 * (r + 1)"n

|

BY (Assert [(2°n * ((i + 2°n) + 1)) < (2°n * r + 1°n)!. THEN Auto’)
|

F @mnx*x (i =+2n) +1)) < Q2nx*xr+ 1°n)

|

BY (BLemma ‘mul_preserves_le‘ THEN Auto)
\

5. r: N

[6]. rm < (1 +DP)) Ai+Db<r+10n

7. r2: Z

8. r2 = (2 % 1)

9. r2°: Z

10. r2’ = (r2 + 1)

11. 2 * r"'n = (2°n * r°n)

12. 2 *x (r + 1)’ n = (2°n * r + 1°n)

13. i = (((4 + 2°n) * 2°n) + (i rem 2°n))
14. 0 < (i rem 2°n)

15. 1 rem 2°n < 2°n

16. =r2’°n < i + 1

F 3r:{N| ((r'n < i) Ai<r+ 17n)}

|

BY (With [r2! (D 0)- THEN Auto’ THEN ElimVar ‘r2\” THEN ElimVar ‘r2’ THEN Auto’)-

|
6. r'n < (i + b)

7. 1i -+ b<r+1°n

8. r2: Z

9. 2 *xr € Z

10. r2’: Z

11. 2 *x1) +1 € Z

12. 2 * r"'n = (2°n * r°n)

13. 2« (r + 1) n = (2°n * r + 1°n)

14. i = (((4 + 2°n) * 2°n) + (i rem 2°n))
15. 0 < (i rem 2°n)

16. i rem 2°n < 2°n

17. =(2 *r) + 1"n < i + 1
F2*rn<i

|

BY Auto’

|

F2*xrmn<i

|

BY (Assert [(2°n * r™n) < (2°n * (i + 2°n))!. THEN Auto’)
|



Vn:Nt. Ve :N. Fr:{N| (" <z) A z<(r+1)")})

F @mnx*xrn < (2n* (1 + 2°n))
|
BY (BLemma ‘mul_preserves_le‘ THEN Auto)

Extract:

An.let b := 2°n in
Ax.letrec nth_root(x) =
if x = 0 then O
else let z := x + b in
let r2 := 2 * (nth_root z) in
let r3 :(=r2 + 1 in
if (r3"n) < (x + 1) then r3
else r2 in
nth_root (x)



