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OverviewOverview

Constructive Pr 1ructiDr Synthesis
The Curry
ProofsProofs--asas--imperativeimperative--as



Constructive program synthesisConstructive program synthesis

ProofsProofs



The general ideaThe general idea



The Curry-hism

First described by Curry and extended to firstFirst described by Curry and extended to first--
order logic by Howardorder logic by Howard
Constructive logic corresponds to a type theoryConstructive logic corresponds to a type theory
nn



Example: ND rules as type Example: ND rules as type 
inference rulesinference rules

Introduction rule for 
universal quantification 
corresponds to a type 

inference rules for lambda 
abstraction with 

dependent product type



Example: Encoding a proof as a 
lambda term



NormalizationNormalization

Proof normalization corresponds to lambda Proof normalization corresponds to lambda 
reductionreduction

With corresponding 
lambda reduction rule



Based directly on the CurryBased directly on the Curry--Howard Howard 
rwomorphism
The lambda calculus of the logical type The lambda calculus of the logical type 
theory is considered as a programming theory is considered as a programming 
languagelanguage
Formulae = types = specifications of Formulae = types = specifications of 
required realizing programsrequired realizing programs
Normalization = lambda term reduction = Normalization = lambda term reduction = 
program evaluation



Program specifications

Given any integer
input

There is an integer
output

Require a program whose
output is equal to the input * 2



RealizabilityRealizability

WellWell--typed terms, as realizers, do two typed terms, as realizers, do two 
things:things:
nn Yield a correct program with respect to a Yield a correct program with respect to a 

specificationspecification
nn Contain a proof of correctness of the programContain a proof of correctness of the program





Example: proof as realizing Example: proof as realizing 







Based on the CurryBased on the Curry--Howard isomorphism, but Howard isomorphism, but 

Specification of programs given by a different Specification of programs given by a different 
modified modified realizabilityrealizability relation between formulae relation between formulae 

Proof terms in the LTT are transformed into Proof terms in the LTT are transformed into 
prograare uft satisfy the proved specification prograare uft satisfy the proved specification 
formulae (as modified reali oers)pormulae (as modified reali oers)



Modified Modified realizabilityrealizability

Our modified realizers are simply typed SML Our modified realizers are simply typed SML 
programs programs –– they are correct with respect to a they are correct with respect to a 
specification, but do specification, but do notnot carry proofs of correctness carry proofs of correctness 
with them.with them.
Formally, a program p is a modified realizer of a Formally, a program p is a modified realizer of a 
formula A when p can be used in place of the formula A when p can be used in place of the 
SkolemSkolem function for the function for the SkolemSkolem A)[p/f_A12  Tc 0  Tw (Skolem) Tj-0.75 0.(A)[p/f_A12  T134of tg (Skolem) Tj94.5 2.20  TD 1 (] sed in place of the ) Tj-0.75 ] sed in249 place8of the Fovableplace of the 







SkolemSkolem formform

The The SkolemSkolem form ofform of
dbConnecteddbConnected V V –– dbConnecteddbConnected

is equivalent tois equivalent to
f=f=inlinl() () --> > dbConnecteddbConnected &&
f=f=inrinr() () --> > --dbConnecteddbConnected

Modified realizer does not prove this fact Modified realizer does not prove this fact –– it it 
exists in a separate languageexists in a separate language



Transforming proofs into programsTransforming proofs into programs

We use an We use an extraction mapextraction map to transform a proofto transform a prooftgram92  Tw (We use an ) Tj-0.75 0.7 e0 rin5  g (tgram92  Tw 52ction map) Tj192.75 -0.0.321.17.75.1763 –2  Tw (We use an ) Tj-0.75 0.7–2  Tw24on map





The CurryThe Curry--Howard Howard 
protocolprotocol



How should this transformative style of How should this transformative style of 
program synthesis be generalized over program synthesis be generalized over 
arbitrary logics and programming arbitrary logics and programming 
paradigms?paradigms?
Logics: Linear logic, Modal logics, Hoare Logics: Linear logic, Modal logics, Hoare 
logic, Hennessylogic, Hennessy--Milner proof systems, etcMilner proof systems, etc
Programming paradigms: Imperative, Programming paradigms: Imperative, 



The protocolThe protocol



Roles in the protocolRoles in the protocol



Relations between roles (1)Relations between roles (1)



Relations between the roles (2)



A useful generalizing framework?A useful generalizing framework?

It can be seen that functional/constructive It can be seen that functional/constructive 
logic tran .1fmative proofslogic tran .1fmative proofs --asas--programs programs 
con.1fms to this frameworkcon.1fms to this framework
The usefulness of the protocol as a The usefulness of the protocol as a 



Application: Application: 



ProblemProblem

Want to be able to adapt proofsWant to be able to adapt proofs--asas--programs to programs to 
Hoare logicHoare logic for synthesis of correct for synthesis of correct return valuesreturn values



Hoare LogicHoare Logic

Hoare Logic allows us to  gicild imperative Hoprogramto hat e Locorrect for a specification



Hoare logicHoare logic



Correct synthesis of return valuesCorrect synthesis of return values

The presence of sideThe presence of side

However, sideHowever, side--effecteffectfree return values are also   TD 0 0 0 rg (effect) Tj6 efree return values are also   TD 0225g (-27e) Tj-0.75 0.7, s057



How to adapt constructive results?How to adapt constructive results?

Follow the CurryFollow the Curry--Howard protocol Howard protocol 



Constructive Hoare logicConstructive Hoare logic

5 core rules 5 core rules parametrizedparametrizedover the usual over the usual 
intuitionisticintuitionistic



Core rulesCore rules



Program/formulae pairs used in the Hoare Program/formulae pairs used in the Hoare 
logic are treated as types in a logic are treated as types in a 
corresponding type theorycorresponding type theory

A typing judgment corresponds to a proof A typing judgment corresponds to a proof 
derivationderivation



Core type inference rulesCore type inference rules



A program A program p p is a is a return value realizerreturn value realizer



ExampleExample



RealizabilityRealizability

An SML program An SML program pp with return values with return values 
realizes a specification in the Hoare logic realizes a specification in the Hoare logic 
qqssAA whenwhen
nn pp



ExtractionExtraction

We extend the extraction map of ordinary We extend the extraction map of ordinary 
proofsproofs--asas--programs to our case, to extract programs to our case, to extract 
returnreturn--value realizers from proofs in the value realizers from proofs in the 
Hoare logicHoare logic
The map is from our LTT to our CTT (SML The map is from our LTT to our CTT (SML 
with return values)with return values)



Example cases:Example cases:

Extraction over Extraction over HarropHarrop terms is trivial: the program of the terms is trivial: the program of the only side the only side the 415.167.25 -0.75  TD .081  T2580.026  Tc 0 - the 

Extraction over (Extraction over (iteite2hs7a e results in conditional statement 
with alternate return values



Example cases



If all formulae used are nonIf all formulae used are non--HarropHarrop



ATM Example: specification of 

denoted by state ne

Return value specified as required return value Return value specified as required return value 
realizerrealizer

Pre-condition – PIN has been
entered into machine

Require a return value x 
that is an appropriate response 



ATM exampleATM example
We use the following axioms that define the domain 
knowledge about the behaviour of the ATM machine

This program destroys the card if the PIN is incorrect

This axiom says that, for any program, if the card is destroyed, it is
appropriate to tell the user about it



Example: Extended lambda tereT7 Tj-15 415 4TD 0 0 0 g 3Example: Extended lambda tereT7 TjETq .5 40 0 -15 487 438 cm /im95  Do
Q q 9 0 0 -1.5 85.5 436.5 cm /im976 Do
Q q 12 0 0 -1.5 84 435 cm /im977 DR
Q q 15 0 0 -1.5 82.5 433.5 cm /im978 Do
Q q 99 432 0.75 1.5 re h W n q 99 432 0.75 1.5 re W n q 1.5 0 0 -1.5 99 433.5 cm /im979 Do
Q Q Q q 81 430.5 18.75 1.5 re h W n q 81 430.5 18.75 1.5 re W n q 19.5 0 0 -1.5 81 432 cm /im980 Do
Q Q Q q 81 429 18.75 1.5 re h W n q 81 429 18.75 1.5 re W n q 19.5 0 0 -1.5 81 430.5 cm /im981 Do
Q Q Q q 81 427.5 18.75 1.5 re h W n q 81 427.5 18.75 1.5 re W n q 19.5 0 0 -1.5 81 429 cm /im982 Do
Q Q Q q 81 426 18.75 1.5 re h W n q 81 426 18.75 1.5 re W n q 19.5 0 0 -1.5 81 427.5 cm /im983 Do
Q Q Q q 81 424.5 18.75 1.5 re h W n q 81 424.5 18.75 1.5 re W n q 19.5 0 0 -1.5 81 426 cm /im984 Do
Q Q Q q 15 0 0 -1.5 82.5 424.5 cm /im985 Do
Q q 99 423 0.75 1.5 re h W n q 99 423 0.75 1.5 re W n q 1.5 0 0 -1.5 99 424.5 cm /im986 Do
Q Q Q q 13.5 0 0 -1.5 84 423 cm /im987 Do
Q q 10.5 0 0 -1.5 85.5 421.5 cm /im988 Do
Q q 85.5 419.25 9 0.75 re h W n q 85.5 419.25 9 0.75 re W n q 9 0 0 -1.5 85.5 420 cm /im989 Do
Q Q Q BT107.25 418.5  TD1 1 1 rg /F0 27.75  Tf0.155  Tc -0.182  Tw (We define new lambda terms to represent proofs ) Tj-0.75 0.75  TD 0 0 0 rg (We define new lambda terms to represent proofs ) Tj0.75 -34.5  TD 1 1 1 rg 0.0511  Tc 0.1094  Tw (in a constructive version of Hoare logic) Tj-0.75 0.75  TD 0 0 0 rg (in a constructive version of Hoare logic) TjETq 7.5 0 0 -1.5 87 364.5 cm /im990 Do
Q q 9 0 0 -1.5 85.5 363 cm /im991 Do
Q q 12 0 0 -1.5 84 361.5 cm /im992 Do
Q q 15 0 0 -1.5 82.5 360 cm /im993 Do
Q q 99 358.5 0.75 1.5 re h W n q 99 358.5 0.75 1.5 re W n q 1.5 0 0 -1.5 99 360 cm /im994 Do
Q Q Q q 81 357 18.75 1.5 re h W n q 81 357 18.75 1.5 re W n q 19.5 0 0 -1.5 81 358.5 cm /im995 Do
Q Q Q q 81 355.5 18.75 1.5 re h W n q 81 355.5 18.75 1.5 re W n q 19.5 0 0 -1.5 81 357 cm /im996 Do
Q Q Q q 81 354 18.75 1.5 re h W n q 81 354 18.75 1.5 re W n q 19.5 0 0 -1.5 81 355.5 cm /im997 Do
Q Q Q q 81 352.5 18.75 1.5 re h W n q 81 352.5 18.75 1.5 re W n q 19.5 0 0 -1.5 81 354 cm /im998 Do
Q Q Q q 81 351 18.75 1.5 re h W n q 81 351 18.75 1.5 re W n q 19.5 0 0 -1.5 81 352.5 cm /im999 Do
Q Q Q q 15 0 0 -1.5 82.5 351 cm /im1000 Do
Q q 99 349.5 0.75 1.5 re h W n q 99 349.5 0.75 1.5 re W n q 1.5 0 0 -1.5 99 351 cm /im1001 Do
Q Q Q q 13.5 0 0 -1.5 84 349.5 cm /im1002 DR
Q q 10.5 0 0 -1.5 85.5 348 cm /im1003 Do
Q q 85.5 345.75 9 0.75 re h W n q 85.5 345.75 9 0.75 re W n q 9 0 0 -1.5 85.5 346.5 cm /im1004 Do
Q Q Q BT107.25 345  TD1 1 1 rg 0.1464  Tc -0.1467  Tw (We can use Hoare logic to prove h2aa w (We cacation) Tj7  75   75 1 1 0 0 0 1464n use Hoare logic to prove h2aa w (We cacation) Tj7265  T-81 75 1 1 rg 0.1464  Tc870.1467  T75(We canwe obtain a h2aof of) Tj7  75   75 1 1 0 0 0 1464nwe obtain a h2aof of) Tj  75 -1225  T1 1 rg 0.1464  T5760.1467  3721We canwith h2aof



ProofProof--termterm



Extraction: ExampleExtraction: Example

The resulting SML programs have return values The resulting SML programs have return values 
that are realizers of the specifications provedthat are realizers of the specifications proved
Appj ing the map to the lambda term for our 
Aproof gives the correct program:



Application: Designby 0 rg ation: Design
DesignDesign--byby--contract is a well established method of contract is a well established method of 



Contracts as return valuesContracts as return values
Assertions are a special kind of return valueAssertions are a special kind of return value
We can simulate assertions in SML as return values of We can simulate assertions in SML as return values of 
disjoint union typedisjoint union type



Specification and Synthesis of Specification and Synthesis of contractscontracts



Improving programs built with faultsImproving programs built with faults

The designer uses the rules of our Hoare logic The designer uses the rules of our Hoare logic 



Improving programs built with faultsImproving programs built with faults

Instead of using formulae that assert the Instead of using formulae that assert the 
correctness of programs, we use disjunctive correctness of programs, we use disjunctive 
statements stating that the program may or may statements stating that the program may or may 
not be faulty. not be faulty. 
Because disjunctive statements correspond to Because disjunctive statements correspond to 
postpost--condition assertion 0kour synthesis enables condition assertion 0kour synthesis enables 
the automatic construction of a program with the automatic construction of a program with 





ExampleExample

By our synthesis methods, proofs that involve By our synthesis methods, proofs that involve 
this theorem can also be transformed into this theorem can also be transformed into 
programs that use a version of programs that use a version of connectDBconnectDB with with 



The CurryThe Curry



Further reading and QuestionsFurther reading and Questions
Iman Poernomo, John N. Crossley, Iman Poernomo, John N. Crossley, Protocols between Programs and Protocols between Programs and 
ProofsProofs, in Kung, in Kung--KiuKiu Lau (Ed.), LOPSTR 2000, LNCS 2042, pp. 18Lau (Ed.), LOPSTR 2000, LNCS 2042, pp. 18--37 37 

Iman Poernomo, John N. Crossley, Martin Wirsing, Iman Poernomo, John N. Crossley, Martin Wirsing, Programs, Proofs and Programs, Proofs and 
Parameterized SpecificationsParameterized Specifications

Iman Poernomo, Iman Poernomo, ProofsProofs--asas--imperativeimperative--programsprograms, in Alexander , in Alexander ZamulinZamulin and and 
Manfred Manfred Bro0.75 0.75  TD 0 0 0 rg (-) Tj6.ro0.42Tj6.75 -0.75  TD 1 1 1 rg 3430034  Tc117Tc 0  (Eds.)nomo, , L N C S d e r  
Thesis: Iman Poernomo, Thesis: Iman Poernomo, Variations on a theme of Curry and HowardVariations on a theme of Curry and Howard, , 
Monash UniversityMonash University
All papers Teo6 apersle on request from the author at emape: 


