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1. Constructive existence

Classical 9 is not constructive: 9xF � :8x:F

Classical logic cannot distinguish between

9xA!9yB � 8x9y(A!B) � 9y8x(A!B)

(implicit function) function) (constant)

positive 9's are constructive

9xF stronger than :8x:F

` 9xF(x) ) ` F(t) fo some ground term t

` 8x9yG(x; y) ) ` 8xG(x; f(x)) some term f(x)

logic all three p

functions above.

Negative 9 are not quite constructive

:9xF � 8x:F;(9xA(x)!C) � 8x(A(x)!C)

are classically true ell



2. Provability and reection

(T - a consistent theory containing arithmetic)

Adequacy: ProofT(p; F) , p is a proof of F

BewT(F) = 9pProofT(p; F) � "F is provable"

"T is consistent" = Consis T = :BewT(false)

Reection scheme: BewT(�)!

G�odel Incompleteness Theorem: T 6` Consis T

Consistency is a special case of reection:

:BewT(false) = BewT(false)! false

Reection is not p

T 6` BewT(� ! �36

Explicit reection is p for each speci�c p

T ` ProofT( )!



3. Stability of veri�cation systems

The common architecture of veri�cation systems: as-

sume that a small core system is correct and extend

it by internally veri�ed facts and rules. Stability: ex-

tended system =



Stability: V = V +R for every veri�ed rule R

Let 2R denote the prov.1ilit y in V +R

Theorem (contrary to a claim by Davis-Schwartz)

A stability scheme 8F [2RF$2F ] is internally provable

Proof An induction on a proof in V +R inside V .

However:does not yield that the "real" sta-

bility is prov.ble in V . ) V ` R(�).

We try V ` � ) V ` 2� formalization

V ` 2� ) V ` 2R(�) R is veri�ed

V ` 2R(�) ) V ` R(�) reection is needed!



4. Explicit veri�cation

Explicitly veri�ed rule:

there is a computable term f
143 0 TD
(which)Tj
459 0 TD
(fo)Tj
134 0 TD
(r)Tj
114 0 TD
(any)Tj
301 0 TD
(p)Tj
81 0 TD
[(ro)-5000(of)]TJ
/T8 1 Tf
345 0 TD
(p)Tj
/T7 1 Tf
130 0 TD
(of)Tj
-3680 233 TD
(p)Tj
81 0 TD
(remises)Tj
572 0 TD
(returns)Tj
549 0 TD
(a)Tj
139 0 TD
(p)Tj
81 0 TD
[(ro)-5000(of)]TJ
/T8 1 Df
345 0 TD
(f)Tj
/T7 1 Tf
85 0 TD
(()Tj
/T8 1 Df
67 0 TD
(p)Tj
/T7 1 Df
7wh�)ofthe conclusion

V ` 8 � 8p[Proofp;



5. Typical intuitionistic system

Constructive properties:

Disjunction Property

V ` A _B ) V ` A or V ` B

Explicit De�nability for Numbers

V ` 9xA(x V ` A(n) for some n

Explicit De�nability

V ` 8x9yA(x; y) V ` 8x



Corollary

A system with constructive properties is



6. Metamathematics of stability

Stability of classical veri�cation systems -

requires semantical set-theoretical properties which can-

not be established constructively, not automatically as-

sumed even in mathematics

Stability of intuitionistic systems -

fduows from the standard properties which are usually

for a typical intuitionistic system by con-

structive means


